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Abstract

The purposeof this paper is to oler new insight and tools toward
the pursuit of the largest chromatic number in the classof thickness-
two graphs. At presen, the highest chromatic number known for a
thickness-tvo graph is 9, and there is only one known color-critical
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such graph. We introduce 40 small 9-critical thicknesstwo graphs,
and then usea new construction, the permuted layer graphs together
with a construction of Hajesto create an inbnite family of 9-critical
thickness-wo graphs. Finally, a non-trivial inPnite subfamily of CatlinOs
graphs,with directly computable chromatic humbers,is showvn to have
thicknesstwo.

1 Introducti on

Decommsinga graphinto planar layersis of primary importancein the peld
of VLSI (see,for example,[GJS76]). To this end, the thickness of a graph
G, denoted!( G), is the smallestintegert sothat G can be represeted as
the union of t planar graphs. We then say that G is thickness t [Wes01].
Thus planar graphs have thicknessone, while K5 and K 33 have thickness
two. The chromatic number of G, denoted! (G), is the smallestinteger k
sudh that G can be properly vertex colored with k colors. We then say
that G is k-chromatic. Thus, for example, if G is planar then ! (G) < 4
[AH76, RSST®]. A graph is said to be k-critical if it is k-chromatic but
ewvery proper subgraph can be properly coloredwith fewer than k colors.

Given an arbitrary graph G and bxed positive integert > 1, verifying
that !( G) = t is an NP-hard problem [Man83]. Similarly, given an arbitrary
graph G and bxed positive integer k > 2, verifying that ! (G) = k is also
NP-hard [GJ90, GJS74]. Combining thesetwo ideasleadsto a longstanding
and di"cult open problem [Rin59]: OWhatis the largest chromatic number
that occursin the classof thickness-two graphs?0

It is well-known that the largest chromatic number of a thickness-vo
graph lies between 9 and 12 inclusive [JT95, Hut93]. That is, if G is an
arbitrary thickness-tvo graphthen! (G) < N, where

N € {9,10,11,12}. (1)

The largestelemen in (1) comesfrom a straightforward induction argu-
mert that relieson EulerO$ormula for plane graphs. The smallest elemett
in (1) is due to the existence of the 9-critical thickness-tvo graph given by
S = Kg VvV Cs, which is called Sulanke’s graph. The third author proved
that S had thicknesstwo in 1973 and the result was reported in 1980in
[Gar80]. Sincethen no progress has been made toward closing this gap of
possibilities. Further, no other examplesof 9-critical thickness-wo graphs



have emerged. The desideratumfor the main questionwould be to bnd an
asymptotically sharpboundfor N in (1). Short of that di"cult goal, produc-
ing a 10-dhromatic thickness-tvo graph would be of paramourt importance.
In orderto construct the latter, newtechniquesare needed.aswell asa large
collection of 9-critical thickness-tvo graphs. It is the latter upon which we
focusour attention in this paper and the sequel[GS].

In particular, the purposeof this paper is threefold. First a new class
of thickness-wvo graphs, called permuted layer graphs, is introduced and
shown to cortain all thickness-tvo graphs as subgraphs. Thus we can study
permuted layer graphsto obtain the chromatic properties of thickness-tvo
graphs. Secoml, we introduceinbnitely many 9-critical thickness-wo graphs
and we do soin two stages. In particular we give a list of 40 new 9-critical
thickness-wwo graphs on 12 through 16 vertices. Moreover, to add further
ballast to the lower bound of 9 in (1), we use a construction of Haj®s to-
gether with the Permuted Layer construction to generateinbnitely many
9-critical thickness-two graphs. To strengthen the latter, we characterize
preciselywhen the corstruction of Hajes producesa graph that has thick-
nesst. Third, an inbnite subfanily of CatlinOsgraphs [Cat79] with easily
computablechromatic numbersis shovn to have thicknesstwo. We end with
a list of open questims.

2 Permuted Layer Graphs

In this sedion we debnea restricted type of thickness-tvo graph, called
a permuted layer graph, and idertify two especially nice properties of the
smaller class. First, permuted layer graphs are easyto construct. Second,
every maximal thickness-tvo graph is a permuted layer graph. Thus there
is a thickness-tvo graph with chromatic number as large ask if and only if
there is a permuted layer graph with chromatic number aslarge ask. The
following construction dePneghe new subclassof graphs.

The Permuted Layer Construction. Let H be a planar graph with
V(H) = {vy,...,Vn}, andlet" beapermutation of V(H). Construct another
planar graph H' isomorphicto H with verticeslabeled so that the vertex
correspndingto v; in H islabeled” (v;) in H'. Identify H andH" at vertices
of the samelabel and call the resulting graph G; that is G = H UH'. Since
G may have multiple edgeswe let G be the underlying simple graph and call



it a permuted layer graph with base graph H. In the special situation when
G doesnot have multiple edgeswe call G (= G) a full permuted layer graph.

A more direct, but slightly lessintuitiv e, way to obtain the permuted
layer graph from the underlying graph H and the vertex permutation " is
to add the edgeset {("(a)," (b)) | (a,b) € E(H)} to H and then remove
multiple edges. For example, Figure 1 shavs a represemation of K5 as a
permuted layer graph.

Figure 1: A permuted layer represemation of K¢ using vertex label per-
mutation (12)(34)(56). Edges(1,2), (3,4), and (5,6) are removed from the
secondlayer.

Note that if # € Aut(H) and " € Perm(V(H)) then" and " # produce
isomorphic permuted layer graphs. Thus, the number of distinct permuted
layer graphs with baseH is at most Lol However, if we restrict our
analysisto full permuted layer graphs,the sizeof the setcanbe much smaller,

asevidencedby the next proposition.

Proposition 1. There is a unique full permuted layer graph whose base graph
15 the icosahedral graph.

Proof. The labeling of the vertices of the icosahedralgraph is given by the
lefthand graph in Figure 2. The permutation of vertex labelsgivenby " =(2

10 3 7)(4 9 6 8)(5 11)yields a secondlayer that doesnot produce any
multiple edges,asis shown in the righthand graph Figure 2. Thus there is
at least one full permuted layer graph whosebasegraph is the icosahedral
graph.



Figure 2: The unique full permuted layer graph whosebasegraph is the
icosahedralgraph.

On the other hand, let G be a full permuted layer graph whose base
graph is the icosahedralgraph H. Let " be a vertex permutation that
producesG from H. SinceG is a full permuted layer graph the edge set
{("(@)," () | (a,b) € E(H)} is disjoint from {(a,b) € E(H)}. Thus ewery
vertex in G hastwice the degreeit had in the icosahedralgraph; that is, G
has 12 verticeseadt of degreel0. Then G°€ is a matching. Sinceall match-
ings on 12 verticesare isomorphic, all sudr G are isomorphic,and thus G is
unique. m

More generally the classof permuted layer graphs contains all of the
thickness-two graphsas subgraphs.

Proposition 2. Every thickness-two graph is a subgraph of a permuted layer
graph.

Proof. Let H be a thickness-tvo graph with (edge-disjoirt) planar layersH;
and H,. Suppose|V(H)| = n. Create a permuted layer graph, G, asfollows:

ProcedurePermuted _Layer(H = H; UH3)

1. Index the verticesof H (and henceof H; and H;) by vq,V,,...,Vv,. Now
re-index the verticesof H, by Vp41,...,Von" 1,V in Order.

2. Identify H; and H; at v, yielding a planar graph G,. In G, the vertices
V1,...,Vn iInduce H, and the verticesv,, ..., Vo, 1 induce Ho.

3. Let" = (Vi Vn+1)(V2 Vs ) ... (Va1 Von- 1). Note that " is a product of



transpositions and that it Pxesv,.

4. Let G bethe permuted layer graph obtained from the baseG, using the
vertex permutation " .

Note that the secondlayer of G is isomorphicto G, but the vertex labels

have beenchangedso that vy,...,Vv, induce H, while v,,..., vz, 1 induce
H;. Thereforein G the verticesvy,...,V, induce both layersof H and thus
H itself (as do the verticesv,, ..., Vay 1). Thus G is a permuted layer graph
containing H asa subgraph. m

For example,the union of the two planar graphsin Figure 11 in Section
3.2,including edges(4,11) and (11, 12) (dashed)and excluding edge (4, 12)
(bold), is a full permuted layer graph that cortains SulankeOsgyraph as a
subgraph.

3 New 9-critical Thi ckness-Tw o Gr aphs

To date there is only one published 9-critical thickness-tvo graph: SulankeOs
graph S, dueto the third author, is givenby S = K¢V Cs. An edge-disjoirt
decompsition of S asa permuted layer graph is shavn in Figure 3. The K¢
is inducedby vertices1-6, and the Cs is inducedby vertices7-11. In the next
subsection,we introduce 40 new 9-critical thickness-to graphs.

Figure 3: Kg Vv Cs thickness-tvo decanposition as a permuted layer graph.

3.1 Forty New Small 9-criti cal Thi ckness-Tw o Graphs

In this subsectiom we introduce 40 new 9-critical thickness-tvo graphs on
12 through 16 vertices. The graphs were selectedfrom the hundredsfound



becausethey exhibit a wide range of values for the number of vertices and

edges.Ead graph G will beidentibed by its degreesequencend a reference
number. The referencenumber is formated as v.e.n, wherev = |V(G)|,

e = |[E(G)|, and n is a courter indicating that G is the n'" 9-critical graph
on v verticesand e edgesin our collection. For those subsetsof graphs on

the samenumber of verticesand edges(i.e., for which n > 1) we o#er only

sud onesthat have a unique degreesequencewhich ensuresthat all graphs
preserted are distinct. Not all of the examgdesrequire a degreesequencdor

veribcation of uniqueness(th osefor which n = 1) but the labeling scheme
is crafted with continued work and expansionin mind. Thus we give full

information for each graph listed here.

The generation of 9-critical graphs that have few enoudh edgesto be
thickness-two was accomplishedwith a modibed version of geng, which is a
componert of Brendan McKayOsgyraph isomorphismsoftware nauty [McK81,
McKO07a]. The thickness-tvo decanpositions were found by randomly Bip-
ping diagonalsof planar triangulations [Sul]. The pruning of those9-chromatic
graphsfor which a thi ckness-tvo decomposition wasfound and that were not
initially 9-critical was done with nauty aswell. That ead graph has thick-
nesstwo wasthenveribedwith Groups and Graphs [KKO5, McKO7b] in order
to display a thickness-tvo enbedding for eaty example. The Pnal graphics
weregeneratedby Mathematica [Wol07]. The 40 new 9-critical thickness-tvo
graphsfollow.

12.56.1

12.57.1 Reference : 13.61.1

13.61.2
9,9,8,8,8,8,8,8,8}

uence: IDegree Sequence: Degree Se;:uence
1,11,11,9,9,9,8,8,8,8} {12,12,12,12,10,8,8,8,8,8,8,8,8} | {12,12,12,12

Figure 4: New 9-critical thickness-two graphs.



Figure 5: New 9-critical thickness-wo graphs, cortinued.
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Degree Seduence:
13,13,13,9,9,9,9,9,9,9,9,9,8, 8}

Figure 6: New 9-critical thickness-two graphs, cortinued.
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Figure 7. New 9-critical thickness-wo graphs, cortinued.
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Figure 8: New 9-critical thickness-wo graphs, cortinued.
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Figure 9: New 9-critical thickness-to graphs, cortinued.
12




Figure 10: New 9-critical thickness-tvo graphs, cortinued.
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3.2 Inbnitely Many 9-critical Thi ckness-Tw o Gr aphs

In this section we provide a technique for constructing inPnite families of
k-critical thickness-tvo graphs. The construction requirestwo tools, one of
which is the ProcedurePermuted _Layer of Section2, which is usedin tan-
dem with the well-known Hajos construction [Haj6l, JR99, Urq97, Wes01,
Wes83]. In addition, two (not necessarilydistinct) k-critical thickness-wvo
graphs are required to initialize the procedure. The Haj®s construction is
described next.

The Hajes Constr ucti on.

Step One: Let G; and G, be two k-critical graphs that are identiped
at a vertex v. If (v,w;) € E(G;) and (v,w;) € E(G;) then the graph
G = (G1 — (v,Wy)) U(Gz — (V,Wz)) U (wq,Ws) is k-critical.

Step Two: Identibcation of any independent set of verticesin G yields a
graph @ sud that ! (Q) > k. The graph @, howe\er, is not necessarilyk-
critical.

Proposition 3. Let H and K be graphs. Let G be the Step-One-Hajés of H
and K. Then !( G) = max{!( H),!( K)}.

Proof. SinceG is the Step-One-Hgesof H and K, there exist verticesu, v, x
sothat x is the vertex at which H and K areidertipedin G, u € V(H),v €
V(K), ux € E(H),(v,x) € E(K) in which caseG = H UK U {(u,v)} —
{(u,x), (v, x)}.

Supposethat !( G) = t. Partition G into edge-disjoinn planar layers
Li,...,Lt and assumewithout lossof generality that (u, V) is an edgeof L ;.
Sincely,...,L are planar and x is a cut vertex of G — {(u,V)}, there are
planar graphsH4,...,H and K4,...,K; sothat H; and K, identiPed at x
yield L, — {(u,v)}, and for all i > 1, H; and K; idertibed at x yield L;.

Noticethat H = (H,;U{(u,x)})UH,U...UH;andK = (K;U{vx})UK U
... UKy. Further, if H; U {(u,x)} is planar then there is a decommsition
of H into t planar layers. Similarly, if K; U {(v,Xx)} is planar, there is a
decompsition of K into t planar layers. In particular, if both H; U {(u,x)}
and K; U {(v,x)} are planar then max{!( H),!( K)} <!( G).
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Supposeto the cortrary that H; U {(u,x)} is not planar. Then by Ku-
ratwoskiOsTheorem there exists a subgraph S of Hy U {(u,x)} that is a
subdivision of K5 or K33. SinceH; is planar, any sud subdivision must
include (u, x) asan edge.

Note that if K, is not connectedwe may add edgesto make it connected
while maintaining the planarity of L,. Thus we may assumewithout lossof
generalily that K is connectedin which casethere is a path P in K; from v
to x. By replacing (u, x) by (u,v)P in S we produce a subdivision of K5 or
Ksszin L;. That is, S'= SUP U {(u,v)} — {(u,x)} is a subdivision of K 5
or K33 that is a subgragh of L1, which is a cortradiction sincel; is planar.
ThusH; U {(u,x)} must be planar and so!( H) <t. An identical argumert
yields !( K) <'t, which meansmax{!( H),!( K)} <!( G).

It remainsto shav that max{!( H),!( K)} > I( G). Supposeto the
cortrary that max{!( H),!( K)} = s< t. Thenead of H andK decommse
into edge-disjoi planar layersHq,...,Hs and K4,...,Ks (note that some
may be trivial sinces is the maximum of two thicknesses). Debnel; =
Hi UKy U{(uv)} —{(u,x),(v,x)}. Fori= 2,...,s, debPneL; = H; UK.
Clearly for i > 1, L; is planar.

SinceH; is planar and (u, x) is an edgeof H; there is a plane drawing
of H; with ux on the inPnite face. Similarly there is a plane drawing of K ;
with (v, x) on the inPnite face. Utilizing theseparticular drawingsthere is a
plane drawing of H; and K; mergedat vertex x with both (u, x) and (v, x)
on the inPnite face. Removing (u, x) and (v, x) and then adding (u, v) can
be acaoomplishedwithout any edgecrossings.HencelL ; is planar.

In that caseG = L; U...ULs is a decompsition of G into s < t planar
layers,which isimpossiblesince!( G) = t. Thus!( G) > max(!( H),!( K)}.
Altogether max{!( H),!( K)} = !( G) asdesired. O

The characterization given in Proposition 3 providesa meansto a recur-
sive algorithm to construct inPnitely many 9-critical thickness-ivo graphs:
all that is required is either one or two 9-critical thickness-wo graph asthe
initial input.

Corollary 1. There are infinitely many 9-critical thickness-two graphs.

Perultim ately for this section,we note that the pair of graphsin Figure 11
with the dashededges(4,11) and (4,12) removed and the bold edge(4,12)
included is an example of the Step-One-Haes of two copes of the Sulanke
graph.
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Figure 11: First step of the proceduregiven by the proof of Proposition 3
performedon two copiesof the Sulanke graph producesa 9-critical graph on
21 vertices;include edge(4,12) (bold) and excludeedges(4,11) and (11,12)
(dashed). The graph pictured is the brst of an inPnite family of sud graphs.

Finally we note that the procedureoutlined by the proof of Proposition 3
implies that if there is one exampleof a k-critical thickness-tvo graph, then
there exist inbnitely many k-critical thickness-tvo graphs, thus providing
asymptotically good boundsfor possibleimprovemeris to (1) in Section1.

4 CatlinG® Gr aphs

Figure 12: C,[K3] hasthicknesstwo for all n > 4; C5[K 3] is pictured.

Typically, whenonelooksfor high chromatic thicknesstwo graphs,a can-
didate graphis preserted for which either the chromatic number or thickness,
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but not both, is known. Paul Catlin [Cat79] idertiPed a family of graphs
Cn[K,] in which each vertex of an n-cycleis expandedto a K, and the join
of OadjacetO copiesof K, is taken. Catlin@ motivation was to show that
there exist m-chromatic graphsthat cortain no subdivision of K,. Toward
this end he provides a formula for the chromatic number of C,[K,]. In this
section, we show that ewery Catlin graph C,[K 3] with n > 4 has thickness
two. This yields an inPnite family of non-trivial graphsfor which both the
chromatic number and thicknessare known. In particular, it is an easycon-
sequenceof [Cat79] that
|
"8 ifn=75
I (Ch[K3]) = 4 7 ifnisoddandn>7
6 ifnisevenandn > 4.

The thickness-tvo decomposition of C,[K 3] is descriked next.

Decomp osition of C,[K3] into two plane layers. In what follows, Py, is
a simple path with m vertices. Let G, = C,[K3], and label the vertices of
Ch by vi,v,,...,v,. We expandvertex v; to a K3 with vertices labeled by
{3i —2,3i—1,3i} fori = 1,...,n. The edgesof C,[K 3], in addition to those
of eat of the n copiesof K3, are given by the join of neighboring copies
of K3. The Pbrst layer of the thickness-tivo decompsition of G,, written

Gn 1, is given by the edge-disjoinn union of three copiesof P,, n 3-cycles,
and a P3,- . Specibcally the three P,s are {1,4,7,...,3n — 5,3n — 2},
{n—-1,2,5,...,3n-7,3n—4},and {3,6,...,3n—3,3n}; the n 3-cyclesarethe
subgraphsinducedby vertices {3i + 1,3i — 1 (mod 3n), 3i + 3},}; the Py »
isgivenby {3,2,1,6,5,4,...,3,,3i —1,3i—2,...,3n—3,3n —4,3n — 5,3n}.
Then G, ; is enmbeddedin the plane by drawing the 3-cyclesas coneriric

congruen triangles, and arranging the vertices sothat the three P,,s are eath
on aline. Theremaining edgesare the onesbelongingto the P3,- ,, eat one
of which is the diagonal of a face of sizefour; seethe left graph in Fig. 2 for
a plane drawing of Gs;. Note that |E(G1)| = 9n — 6 and so G, ; is edge
maximal since|V (G 1)| = 3n.

Finally, the complemen of G, ; in G, denotedG, », is given by the edge-
disjoint union of a P3,- 4 and another planar graph G' with eight verticesand
11 edges. The latter can be enmbeddedinside a plane drawing of the cycle
induced by the Pz, 4. The order of the vertices in the path is given by
3,4,8,6,7,1,9/10,...,3 - 1,31 —3,3i —2,...,3n—1,3n — 3,3n — 2. The
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remaining verticesof G, , are 1, 2,5, and 3n; the subgraphinduced by these
verticestogetherwith vertices3, 3n—2, 3n—1, and 3n—4, is shaovn in dashed
edgesin the right graphin Figure 12. Note that |E(G,)| = 12n, |[E(Gn1)| =
9n — 6, and |[E(Gp2)| = 3n+ 6. Thus |E(Gy)| = |[E(Gh1)| + |E(Gn2)|, as
expected.

5

Op en Questi ons

. Figure 3 is a represemation of SulankeOgjraph as a permuted layer

graph. We have shavn by brute forcethat SulankeOgraph is not a full
permuted layer graph; Pnd a direct proof that this is so.

. The permuted layer construction, as described in Section 2, requires

asinput a planar graph H on n verticesand a permutation of vertex
labels" € S,. The construction yields a thickness-at-mosttwo graph,
which is the simple graph underlyingH U" (H). Debne$(H) to be the
number of distinct full permuted layer graphsgeneratedby baseplanar
graph H.

(a) For which (planar) H is $(H) = 1? We know, for example,that
if H is the icosahedralgraph, then $(H) = 1; seeProposition 1.

(b) What can be said of the following decisionproblem: given a pos-
itiv e integerk, is $(H) = k?

(c) If " € Aut(H) then H U" (H) is clearly planar. If H is maximal
planar then H U " (H) is planar only if * € Aut(H). For which
planar graphsH and which " ¢ Aut(H) isH u" (H) planar?

. Are any of the 9-critical graphsin Section 3.1 (full) permuted layer

graphs?

. Step 2 of the Hajes construction identiPesnonadjacen vertices. Doing

so either presenesor increaseghe chromatic number. Find a criteria
under which nonadjacen verticescan be identibPed while preservingor
lowering the thickness.

. For which n > 4, if any, is C,[K 3] a (full) permuted layer graph?

. Find a 10, 11, or 12-chromatic thickness-tvo graph, or prove that none

exists.
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